Crossover of the dispersion of flexural waves recorded in borehole cross-dipole measurements is interpreted as an indicator of stress-induced anisotropy around a borehole. Through numerical modeling of the influence of triaxial stress on borehole dipole flexural wave propagation, we find that for a circular borehole surrounded by an isotropic formation that is subjected to an anisotropic stress field the dipole flexural dispersion crossover is detectable only when the formation is sufficiently compliant. This might happen only in the shallow subsurface or in zones having high pore pressure.
Introduction
Borehole sonic logging measurements provide important information about subsurface rock elasticity. Drilling a borehole in a formation strongly alters the stress distribution in its vicinity that can affect formation elasticity and lead to stress-induced anisotropy around the borehole when in situ stresses are anisotropic (Sinha and Kostek, 1996; Winkler, 1996; Winkler et al., 1998; Tang et al., 1999; Fang et al., 2013b) . Borehole stress-induced anisotropy can affect borehole sonic wave propagation and bias the velocity estimated from borehole sonic logs from that of the virgin formation (Fang et al., 2013a) . Therefore, achieving a correct interpretation of sonic measurements requires an understanding of the relationship between the stresses and the elastic response of the formation around a borehole. Sinha and Kostek (1996) studied the effect of tectonic stresses on borehole acoustic wave velocity by using the third order elastic constants to account for the variations of elastic properties associated with the finite deformation caused by tectonic stresses. Later, Liu and Sinha (2000; 2003) studied the influence of borehole stress concentration on monopole and dipole dispersion by using 2.5D and 3D finite difference methods to solve the elastic wave equation and the nonlinear constitutive relation determined by the third order elastic constants. Tang et al. (1999) used an empirical stress-velocity coupling relation to estimate the variation of shear elastic constants as a function of stresses around a borehole. Brown and Cheng (2007) and Fang et al. (2013b) proposed to calculate the borehole stressinduced anisotropy by respectively using the fabric tensor model (Oda et al., 1986) and the model of Mavko et al. (1995) to describe the stress dependent elastic response of micro-cracks embedded in rocks. Fang et al. (2013b) employed a method that includes the coupling between the stress and stress-induced anisotropy, whereas previous investigations assumed that stress is that given in a prestressed isotropic rock. Fang et al. (2013a) used a 3D finitedifference method to investigate the influence of borehole stress-induced anisotropy on borehole compressional wave propagation. All these studies conclude that borehole stress-induced formation stiffness changes have substantial impact on borehole sonic logging measurements. Here, we focus on studying the effect of stresses on borehole dipole flexural wave propagation. Sinha and Kostek (1996) found that formation anisotropic stresses cause radially-varying heterogeneities in acoustic wave velocities that vary with azimuth relative to the two principal stresses perpendicular to the wellbore and can result in a crossover in cross-dipole flexural dispersion curves, in which the azimuthal orientations of fast and slow waves differ between low and high frequencies. This flexural dispersion crossover has long been taken to be an indicator of borehole stress-induced anisotropy because the crossover cannot occur for a circular borehole located in a homogeneous anisotropic formation (Sinha and Kostek, 1996; Sinha et al., 2000) . Most previous studies of the effect of borehole stress-induced anisotropy on dipole flexural dispersion have only considered the effect of uniaxial or biaxial stresses applied on the wellbore. The azimuthal dependence of flexural dispersion for a vertical borehole has been assumed to depend only on the differential stress (i.e. S H -S h ) that induces an azimuthal variation in hoop stress around a borehole. Since the variation in rock properties with stress decreases as background stress increases, it is important to investigate the borehole dipole response under triaxial stress compression, which is the realistic stress state in the earth.
Modeling borehole stress-induced anisotropy
To model the effect of borehole stress concentration on the elasticity of the formation around a borehole, we use the method of Fang et al. (2013b) to calculate the stress dependent stiffness of the formation around a borehole for a given stress state. Following Mavko et al. (1995) , we use laboratory measured P and S-wave velocities versus hydrostatic pressure data to calculate the stress-dependent rock stiffness tensor of a given rock sample that is taken to represent the formation rock around the borehole. We then iteratively calculate the stress distribution around the borehole using a finite element method and subsequently update the model stiffness tensor, which is a function of space due to the spatially varying stress. When the iteration converges, the output from this approach is the stiffness tensor (21 elastic constants) of the model as a function of space and applied stress. The accuracy of this modeling approach has been validated through comparison with laboratory data (Fang et al., 2013a; 2013b) . This is a purely elastic method, so the effect of rock failure is neglected. Also, the effect of stress-induced crack opening is not considered. Crack opening is important when the hoop stress becomes tensile which generally occurs when S H >3S h (Fang et al., 2013b) . This method provides a means to obtain an anisotropic elastic model that accounts for the presence of a borehole and the constitutive relation between an in situ stress field and the stiffness tensor for a rock, which is essential for correctly predicting the borehole acoustic response in sonic logging measurements (Fang et al., 2013a) . We use the velocity versus pressure data for three different rock samples measured by Coyner (1984) to construct borehole models for three different formation rocks. Velocities of all samples are assumed to be isotropic under hydrostatic compression. Figure 1 shows the P and S-wave velocities of the three rock samples measured at different effective pressures. These measurements were conducted under water saturation and with a constant 10 MPa pore pressure applied. Densities are 2197, 2017 and 2392 kg/m 3 for the Berea, Kayenta and Weber sandstone samples, respectively.
The velocity versus pressure data in Figure 1 are the input for the method of Fang et al. (2013b) to build the elastic borehole models for the subsequent acoustic simulations. A finite difference program is used in the wave propagation simulation. Borehole radius is 10 cm and borehole axis is along the z direction. Maximum horizontal stress S H , minimum horizontal stress S h and vertical stress S V are along the x, y and z directions, respectively. For the wave propagation simulation, we use a dipole source with a 3 kHz Ricker wavelet. A receiver array extending along the z direction is 5 cm away from the borehole center in the dipole inline direction. The first receiver is 2 m above the source in the z direction and an additional 50 receivers with 4 cm spacing are positioned at distances between 2 to 4 m. To avoid aliasing in the dispersion analysis, the receiver array used in the simulation is much denser than that in a real sonic tool. A perfectly match layer absorbing boundary condition is added to all boundaries of the model.
Stress around a borehole
Under the plane strain assumption, the stress around a circular borehole in an isotropic medium that is subjected to the compression of principal stresses S H , S h and S V in cylindrical coordinates with radius r and azimuth θ measured relative to the maximum horizontal stress (S H ) direction is given as (e.g. Tang and Cheng, 2004) :
with
(1d) where a is borehole radius and ν is Poisson's ratio. We assume that the wellbore is permeable and borehole fluid pressure is equal to pore pressure, so we only consider effective stress in our study.
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Confining stress Deviatoric stresses Figure 2 : Decomposition of actual stresses (SH, Sh and SV) into a confining stress SV and biaxial deviatoric stresses SH-SV and Sh-SV in the borehole cross-sectional plane (modified from Sinha et al. (2000) ).
Following Sinha et al. (2000) , we decompose the stress field into a reference confining stress S V and deviatoric stresses S H -S V and S h -S V , as shown in Figure 2 , to analyze the effect of in situ stresses on borehole sonic wave propagation. When S H =S h =S V , the terms containing cos2θ or sin2θ in equation (1) vanish and the stress tensor in equation (1) represents the stress state under hydrostatic compression. In previous studies of Sinha and Kostek (1996) and Tang et al. (1999) , borehole stress-induced anisotropy is assumed to be caused by the deviatoric stresses that impose the azimuthally varying hoop stress near the wellbore, while the confining stress is assumed to only alter the whole model from the zero stress state to some hydrostatically loaded reference state that can be superposed on the biasing stress-induced changes. However, while confining stress does not cause azimuthal variation in the hoop stress, it is effective in stiffening a rock and making the deviatoric stresses less efficient in producing stress-induced anisotropy around a borehole.
Previous modeling studies (Sinha et al., 1995; Sinha and Kostek, 1996; Tang et al., 1999; Brown and Cheng, 2007; Fang et al., 2013b) of borehole stress-induced anisotropy only considered the situations of uniaxial or biaxial stress compression. In laboratory experiments (Winkler, 1996; Winkler et al., 1998; Fang et al., 2013b) , uniaxial stress is used to effectively represent the differential stress (S H -S h ) that introduces the azimuthal variation terms in equations (1). There is a lack of thorough analysis of the problem under triaxial stress compression. In the following, we first simulate models under uniaxial stress compression and then compare results for triaxial stress compression in which deviatoric stresses are superposed onto non-zero confining stress.
Uniaxial stress compression
We first study the effect of uniaxial compression on dipole flexural wave propagation. Uniaxial stress (i.e. S H ) is applied normal to the borehole axis in the x direction. Figure 3 shows the cross-dipole flexural dispersion for models with three different formation rocks. The flexural dispersion at 0 0 and 90 0 is obtained by using the method of Rao and Toksöz (2005) to separately process the array waveforms for dipoles at the two azimuths. For all three models, the dipole flexural dispersion curves clearly show crossovers between 4 and 5 kHz. 
Triaxial stress compression
Although confining stress does not cause azimuthal variation in the stress around a borehole, it is effective in stiffening a rock by closing the microcracks and making the deviatoric stresses less efficient in producing stress-induced anisotropy around a borehole. The stiffening of rocks with increasing confining stress can be clearly seen in Figure 1 . The closure of a crack is related to the normal traction applied at the crack surfaces (Mavko et al., 1995) . The normal component of the traction acting on a crack with unit normal n is given by σ n =n T σn (2) where σ represents stress tensor, n T is the transpose of n.
For hydrostatic compression S H =S h =S V , substituting equation (1) into equation (2), we have
where e r = [cosθ, sinθ, 0] T and e θ = [-sinθ, cosθ, 0] T are respectively the unit vectors in the radial and azimuthal directions, n 3 is the z-component of n .
In equation (3), n!e r and n!e θ respectively represent the projections of the crack normal in the radial and azimuthal directions. Cracks having |n!e r |>|n!e θ | affect borehole flexural wave propagation more significantly because their planes are close to normal to the radial direction e r , which is the flexural wave polarization direction. If we assume cracks are randomly distributed and those cracks with orientations satisfying |n!e r |>|n!e θ | have dominant effect on flexural wave propagation, then confining stress makes the far field formation stiffer compared to the near field for flexural wave propagation because equation (3) shows that σ n increases radially when |n!e r |>|n!e θ |. The radial dependence of σ n suggests that the effect of hydrostatic stress on flexural wave velocity is frequency dependent. So the difference between the cross-dipole flexural dispersion curves is not solely determined by the differential stress S H -S h , but also depends on the overburden stress S V .
In our numerical modeling, we vary S V from 5 to 30 MPa to simulate the change of overburden stress with depth while keeping the deviatoric stresses ΔS H (S H -S V ) and ΔS h (S h -S V ) at 5 and -5 MPa. Figure 4 shows the dispersion of cross-dipole flexural waves calculated from the synthetic waveforms for the three sandstone models in four different stress states. When S V =5 MPa, the two flexural dispersion curves for all three models are distinct and they intersect at about 4 to 5 kHz. However, for models with S V >5 MPa, the separation of the two flexural dispersion curves is so small that the dispersion crossover is hard to distinguish. The precision of flexural wave slowness measured by a dipole sonic tool in the field is a few percent, for example 1 to 2% in a stiff limestone reservoir . The difference between the two dispersion curves in Figure 4 is less than 1% at most frequencies when S V ≥10 MPa, indicating that the flexural dispersion crossover is unresolvable in those cases. We only consider the case of S H >S V >S h in the modeling. The horizontal principal stresses may be less than, or greater than, the vertical stress, depending on the geological setting (Zoback, 2010). If we increase S V so that S V ≥S H >S h while keeping S H and S h unchanged, the results should be similar except that the overall difference between the dispersion curves becomes smaller, because the change of S V only affects the stress σ zz in equation (1).
The results shown in Figure 4 indicate that the flexural dispersion crossover is hard to detect when a borehole is subjected to triaxial compression that contains a significantly large confining component. To better understand the relationship between stress and rock stiffness, we define the compressible compliance percentage of a rock as
where µ -1 (p) is the shear compliance (i.e. reciprocal of shear modulus) at pressure p, µ min −1 and µ max −1 respectively represent the minimum and maximum shear compliances of a rock when it is under the maximum and minimum pressures. ϕ(p) represents the percentage of the remaining compressible compliance of a rock at pressure p with respect to the state at maximum loading pressure. Figure 5 shows the compressible compliance percentage ϕ versus pressure for the three rock samples. We can see that ϕ decreases exponentially with pressure for all rock samples. For a given confining stress state, it is the remaining compressible compliance on which the biasing stresses can effect and cause the borehole stress-induced anisotropy. The change of rock stiffness caused by the deviatoric stresses decreases exponentially with the increase of confining stress. Thus a 10 MPa confining stress is sufficient to stiffen a rock to some state upon which the borehole stress-induced anisotropy caused by deviatoric stresses is too weak to separate the flexural dispersion curves, as shown in Figure 4 .
Through comparing the results for uniaxial and triaxial stress compressions, we can see that flexural dispersion under triaxial stress compression is different from that under uniaxial stress compression, because the overburden stress S V significantly influences the flexural wave behavior by stiffening a rock and reducing the flexural wave splitting. This suggests that flexural dispersion crossover may be detectable only in the shallow subsurface or in high pore pressure zones with small effective confining pressure when a sufficiently strong differential stress is present. are the shear compliances at 100 and 0 MPa, respectively. For the Kayenta sandstone sample, the maximum effective pressure of the data shown in Figure 1 is less than 100 MPa, we use a logarithm function (Fang et al., 2013b) to fit the velocity data and then estimate the velocities at pressures beyond the maximum measured pressure from the fitting curve.
Conclusions
Through numerical modeling, we have shown that, when a borehole is subjected to triaxial stress compression in the earth, the flexural dispersion crossover caused by borehole stress-induced anisotropy is detectable only when the formation is sufficiently compliant which generally requires that the overburden stress S V is small (<10MPa). This indicates that borehole stress-induced anisotropy is possible to be the cause of flexural dispersion crossover only in the shallow subsurface or in high pore pressure zones, where the effective confining pressure is small.
